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FINITE GROUP ACTIONS
ON ABELIAN GROUPS OF FINITE MORLEY RANK
ALEXANDRE BOROVIK
Abstract. This paper develops some general results about actions of finite
groups on (infinite) abelian groups in the finite Morley rank category. They
are linked to a range of problems on groups of finite Morley rank discussed
in [5]. Crucially, these results are needed for the forthcoming work by Ays¸e
Berkman and myself [3] where we remove the ‘sharpness’ assumption from [2].
1. Introduction
Let V be a connected abelian group of finite Morley rank (that is, definable in
a ranked universe in the sense of [1, 6]; notation and terminology follow these two
books). Let G be a finite set of definable isomorphisms V −→ V closed under
composition and inversion. We shall say in this situation that a finite group G acts
on V definably. We include the elements of G in the signature of the language and
treat them as function symbols.
We use additive notation for group operations in V .
We shall say that the action of G is smoothly irreducible if any G-invariant
connected subgroup of V equals 0 or V , and, equivalently, that V is a smoothly
irreducible G-module.
This text focuses on the following problem which naturally arises in [3].
Problem 1. Given a finite group G, find good lower bounds for the Morley ranks
of faithful smoothly irreducible G-modules of fixed positive characteristic p.
The principal result of the paper, Theorem 1 below, reduces Problem 1 to a
similar question about the minimal degree of faithful finite dimensional linear rep-
resentations of the group G over an algebraically closed field of characteristic p, the
latter having been studied in the finite group theory for quite a while [9, 12, 13, 14].
Let G be a finite group and p a prime number. We introduce two parameters
characterising its size and complexity.
• dp(G) is the minimal degree of a faithful linear representation of G over the
algebraically closed field Fp.
• rp(G) is the minimal Morley rank of an infinite elementary abelian p-group
V of finite Morley rank such that G acts on V faithfully, definably, and
smoothly irreducibly.
Theorem 1. In this notation,
dp(G) = rp(G).
This theorem is yet another result which emphasises close connections and analo-
gies between groups of finite Morley rank, on one hand, and finite groups and
algebraic groups, on another.
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2. Group algebras enter the scene
In this section we work under the assumptions which are weaker than that of
Theorem 1:
• G is a finite group which acts, definably and smoothly irreducibly, on an
infinite connected elementary abelian p-group V of finite Morley rank.
Notice that we do not assume that the action of G is faithful. This allows to pass
these assumptions to factor modules of G by definable G-submodule. The group V
is treated as a vector space over Fp.
Lemma 2.1. The canonical action of the group algebra R = Fp[G] on V is defin-
able.
Proof. Indeed every element from R acts on V as a sum of definable endomorphisms
(which came from G) and is therefore definable. 
Another important player is the enveloping algebra of G on V , that is, the Fp-
algebra E generated in EndFpV by elements of G, or, which is the same, the image
of R in EndFpV . Both R and E are finite dimensional algebras over Fp, and their
action of V is smoothly irreducible and the action of E on V is also faithful. We
shall treat V as a right R-module and right E-module, enlarging the signature of
the language, will treat elements from R and E as function symbols.
The arguments below freely use, without specific references, definitions and re-
sults from more basic parts of the theory of modules which can be found, for
example, in [10].
The group G will not be mentioned in the rest of this section, we will work under
Hypothesis 1. R is a finite dimensional Fp-algebra acting definably and smoothly
irreducibly on an infinite elementary abelian p-group V of finite Morley rank and
E is the enveloping algebra of this action.
Lemma 2.2. Under Hypothesis 1, the algebra E is semi-simple and V is a semisim-
ple E-module.
Proof. Let J be the Jacobson radical of E. Since J is nilpotent and finite nilpotent
algebra, it is easy to check that
P = 1 + J = { 1 + x : x ∈ J }
is a finite p-group which acts on V definably, then, by properties of nilpotent groups
of finite Morley rank, [V, J ] = [V, P ] < V is a proper connected definable subgroup
of V invariant under E, hence, [V, J ] = 0, hence J = 0 and E is semisimple,
therefore V is also semisimple, that is, is a direct sum
(1) V =
⊕
k∈K
Uk for some index set K.

Theorem 2. Under Hypothesis 1,
(a) All simple factors in the direct sum of Equation (1) are isomorphic.
(b) The enveloping algebra E is simple and therefore is isomorphic to an algebra
of all matrices of size l × l, for some l, over a finite extension of Fp.
Proof. (a) Denote by I = I(E) the set of isomorphism classes of simple E-modules;
notice that the set I is finite. We collect isomorphic simple factors and rewrite the
direct sum of Equation (1) as
(2) V =
⊕
I∈I
UI .
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where all simple summands in UI belong to the isomorphism class I.
We want to prove that each submodule UI is definable, then it will follow from
the smooth irreducibility of the action of E on V than V = UI for some I, that is,
that all summands in (1) are isomorphic.
For that purpose, an element v ∈ V will be called I-cyclic for I ∈ I if all simple
summands in the cyclic module vE belong to I. If u, v are cyclic elements of V ,
then (u + v)E 6 uE + vE, and all simple summands in uE + vE, and hence in
(u+ v)E, belong to I and therefore u+ v is an I-cyclic element. It follows that the
set of all I-cyclic elements in V coincides with UI .
Let us denote by AI the set of all right ideals A in E such that all simple
summands of the factor module E/A belong to I. Then UI is defined by the
formula
Φ(v) :=
∨
A∈AI
((∧
a∈A
va = 0
)
∧
( ∧
b∈ErA
vr 6= 0
))
.
This complete the proof of part (a).
(b) Now E is also the enveloping algebra of its restriction to every simple sum-
mand of V and is therefore simple. Its structural description is the classical theorem
by Wedderburn. 
3. The weight decomposition for a coprime action of an abelian
group
Now we have to temporarily focus our attention at actions of finite abelian groups
of orders coprime to p, mostly with the purpose to reformulate, in this special case,
the previous results in more familiar terms.
Now V is a connected H-module of characteristic p > 0 for a finite abelian group
H of order coprime to p.
We again treat V with the action of H as a module over the finite group algebra
R = Fp[H ]. Applying Maschke’s Theorem to the action of G on R by multiplication,
we see that R is semisimple and is a direct sum of finite commutative algebras, that
is, finite fields (of course, of characteristic p).
We shall call a non-zero element v ∈ V a weight element if AnnR(v) is a maximal
ideal in R; equivalently, this means that vR is an irreducible R-module. It follows
that if F = R/AnnR(v) and λ : R −→ F is the canonical homomorphism, then vR
is a dimension 1 vector space over F (notice that F could be bigger than Fp) and,
for every r ∈ R, we have
vr = λ(r)v,
where the left-hand side is understood in the sense of a (right) R-module, the right-
hand side is a vector space over the field F . This justifies the homomorphisms λ
being called weights of R.
Observe that when restricted to H , weights become characters of H , that is,
homomorphisms from H to the multiplicative group Fp
∗
of the algebraic closure Fp
of the prime field Fp. Also it is easy to see that F ≃ Fp[λ(H)], where
λ[H ] = {λ(h), h ∈ H }.
Obviously, if u, v ∈ V are weight vectors for the same weight λ then either
u+ v = 0 or u+ v is a weight vector for λ. Hence all such vectors form a definable
R-submodule Vλ 6 V , and it follows from Maschke’s Theorem that
V =
⊕
Vλ,
where the direct sum is taken over all weights of H on V . It follows that all weight
spaces Vλ are connected, and their total number does not exceed n = rkV . It is
also useful to keep in mind that Vλ is a vector space under the action of the finite
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field Fλ = Fp[λ(H)]. Observe further that Fλ is the enveloping algebra for the
action of H on Vλ.
If we call rkVλ the multiplicity of the weight λ then, as one would expect, we
have
Theorem 3 (Multiplicity Formula). The sum of multiplicities of weights of H on
V equals rkV .
This statement is called a theorem only because of its importance; its proof is
obvious.
4. Proof of Theorem 1
To prove Theorem 1, it would suffice to show that, for any definable and faithful
smoothly irreducible G-module V , rkV > dim
Fp
W for some faithful Fp[G]-module
W on which G acts faithfully.
So let V be a definable and faithful smoothly irreducible R-module of smallest
possible Morley rank and E the enveloping algebra of this action. By Theorem 2,
V is a direct sum of isomorphic simple E-modules; obviously, G acts on each of
them faithfully.
Now we can look at one of these simple E-modules, say U . Assume that
dimFp U = n. By Theorem 2, E is the matrix algebra Matm×m(Fpl), where
n = m × l. In particular, we have a definable action of G∗ = GLm(Fpl) on U ,
and, since V is a direct sum of isomorphic copies of U , G∗ acts definably on V . The
maximal torus H of G∗ has m different weights on U and therefore on V . From
the Multiplicity Formula (Theorem 3) applied to the action of H we have that
rkV > m.
But G∗, and hence its subgroup G – it is embedded in G∗ because its action on
U is faithful – has a faithful linear representation over Fp of degree m. Hence
rkV > dp(G), which completes the proof of Theorem 1. 
5. Conclusion and comments
It looks as if the proof of Theorem 1 does not use all axioms of finite Morley
rank (as given in [1, Section I.2.1] and [6, Section 4.1.2]); it would be interesting
to find weaker conditions on the module V under which Theorem 1 still holds, in a
way similar to that of [7].
I expect that a method outlined here gives new approaches to some of the prob-
lems listed in the survey paper by Adrien Deloro and myself [5].
My paper [4] is a chapter in the book Math in the Time of Corona, to be pub-
lished by Springer. It contains a lighthearted story of working on Theorem 1 under
the constraints of lockdown. The text here is a formal write-up of my original sketch
referred to in [4] and shared with the circle of my close mathematical collaborators.
The sketch was written as a stream of consciousness and recorded my experiment
which would be bizarre outside of lockdown: I decided to try to develop a piece
of mathematics without any use of external sources of information, as if this was
done in a prison. Stuff used in this paper was recovered by me from the deepest
and long neglected recesses of my memory or developed from scratch. For example,
I first encountered enveloping algebras more than 40 years ago when I was an un-
dergraduate student and studied the seminal paper by Hall and Higman [11] using
Curtis and Reiner’s treatise [8] for locating the definition. However, I had never
used them since then – until now.
And the moral of the story: thanks to enveloping algebras, the action of a finite
groupG on V is much more complex than it looks at first glance because the general
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linear groups
GLm×m(Fpl) < Mm×m(Fpl)
naturally come into play, and they can be much bigger, and have much richer
structure, than G. The record size of the gapG≪ GLm×m(Fpl) is perhaps achieved
at extraspecial groups G of order r1+2k, r 6= p: for them, m = rk.
And it is convenient that the groups GLm×m(Fpl) are some of better understood
finite groups.
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